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Abstract. We present in this study computational simulations of the ferromagnetic resonance response
of magnetic nanoparticles with a uniaxial anisotropy considerably larger than the microwave excitation
frequency (in field units). The particles are assumed to be randomly oriented in a two dimensional lattice,
and are coupled by dipolar interactions through an effective demagnetization field, which is proportional to
the packing fraction. We have included in the model fluctuations in the anisotropy field (HK) and allowed
variations in the demagnetizing field. We then analyzed the line shape and line intensity as a function of
both fields. We have found that when HK is increased the line shape changes drastically, with a structure
of two lines appearing at high fields. The line intensity has a maximum when HK equals the frequency
gap and decreases considerably for larger values of the anisotropy. The effects of fluctuations in HK and
variations in the packing fraction have been also studied. Comparison with experimental data shows that
the overall observed behavior is dominated by the particles with lower anisotropy.

PACS. 76.50.+g Ferromagnetic, antiferromagnetic, and ferrimagnetic resonances; spin-wave resonance –
75.30.Gw Magnetic anisotropy – 75.50.Tt Fine-particle systems; nanocrystalline materials – 75.75.+a
Magnetic properties of nanostructures

1 Introduction

The technique of ferromagnetic resonance (FMR) has been
widely used for over half a century for the characteri-
zation of magnetic ordered materials. This technique is
especially useful to study samples of reduced dimension-
ality (e.g. small particles and thin films) because a rel-
atively small amount of material is enough to obtain a
good signal to noise ratio. From the analysis of the reso-
nance field, the line width, and the overall line shape it is
possible to obtain valuable information about the sample
magnetization, g-value, anisotropies, and their distribu-
tion. Early works in single domain particles [1,2] showed
the effects that anisotropy had on the line shape. A more
recent work by Netzelmann [3] studied the FMR response
of partially oriented particulate magnetic recording tapes,
stressing the effect that the distribution of particle orien-
tations have on the line shape. Other authors [4,5] studied
the influence of thermal effects on the resonance spectrum
in the low anisotropy limit. Interparticle interactions have
been also shown to modify the absorption line shape [6].

In the last few years there has been considerably
interest in self-assembled two dimensional ordered ar-
rays of high anisotropy magnetic nanoparticles due to
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their potential applications as media for ultrahigh density
magnetic recording. FePt [7], FePt-Ag and FePt-Au [8]
particles that crystallize in the low anisotropy (K ∼
106 erg/cm3 [7]) FCC phase, transform to the L10 tetrago-
nal phase after proper annealing above 500 ◦C. This phase
has a very large magnetocrystalline anisotropy constant
(K ∼ 107 erg/cm3) which enhances the thermal bar-
rier for thermal switching. A recent FMR study [9] of
as-made (FCC phase) and partially ordered (mixture of
FCC and L10 phases) FePt-Au self assembled nanoparti-
cles suggested that the measured absorption originates in
the low anisotropy FCC phase in both samples. It is there-
fore of interest to study the possibility of observing an
FMR signal in a system of high anisotropy self-organized
nanoparticles forming a film.

2 Model

We have assumed that the system is composed of N parti-
cles of magnetization M forming a two dimensional array
as sketched in Figure 1 . The particles possess a uniaxial
anisotropy of magnetocrystalline origin of magnitude K
and the anisotropy easy axes are randomly distributed.
Particle shape effects, which are not explicitly considered,
could be included in this term. The dipolar interaction
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Fig. 1. Schematic drawing of the system under study. The
particles lay on plane forming a two dimensional array. Each
particle has a magnetization vector M with spherical angles θ
and ϕ and a randomly oriented easy axis in a direction given
by the angles θp and ϕp (not shown). The magnetic field H is
rotated within the xy plane and forms an angle ϕH with the
x-axis.

among particles is accounted through an effective mag-
netostatic energy which is a combination of the limiting
cases of isolated particles and a thin film [3].

The magnetic free energy density per particle can then
be written as:

F = −M ·H− K

|M |2 (M · n̂)2 +
1
2
M ·N · M. (1)

In this expression H is the external magnetic field, the
versor n̂ =(cosϕp sin θp, sin ϕp sin θp, cos θp) is a unit ver-
sor pointing in the direction of the particle easy axis, and
the components of the effective demagnetization tensor
N are (assuming that the film is placed in the xz plane)
Nij = 4πP if i = j = y, Nij = 0 otherwise. P is the
packing fraction that tends to one for a continuous thin
film and goes to zero for isolated particles. As the particles
are assumed to be spherical, the additional demagnetizing
term that should appear in equation (1) to fulfill the con-
dition

∑
Nii = 4π, is isotropic and only adds a constant

term that was omitted in the present analysis. The free
energy can be also written as a function of the angular
variables,

F = −MH sin θ cos(ϕ − ϕH)

− K(sin θ sin θp cos(ϕ − ϕp) + cos θ cos θp)2

+ 2πPM2 sin2 θ sin2 ϕ, (2)

where θ and ϕ are the polar and azimuthal angles of the
particle magnetization vector, and ϕH is the angle be-
tween the field H and the x-axis. For simplicity H is ro-
tated in the xy plane (see Fig. 1).

In the present analysis we will consider only the case
of particles which have an easy axis of anisotropy. We
have explicitly written the negative sign in equations (1)
and (2) in order to work with the absolute value of K
throughout the paper. The case of positive anisotropy

can be treated within the same theoretical framework by
changing the sign of K, but the analysis of hard axis mag-
netic anisotropy is outside the scope of this work. Results
in the limit of small K have been reported in references [4]
and [5].

The dispersion relation can be obtained from
the damped equation of motion, Ṁ = −γ (M × H) −
αγ
M (M × (M × H)), using the Smit and Beljers for-
mula [3,10]

(
ω

γ

)2

=
1 + α2

M2 sin2 θ

(
∂2F
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∂ϕ2

)

. (4)

In the above equations α = G/(γM) with G the phe-
nomenological damping factor, and γ = gµβ/� (g = 2.09
for metallic Fe).

The scalar magnetic susceptibility (which gives the mi-
crowave response of the system to the microwave pertur-
bation field) can be written as [1,3]:

χ = χ′ + iχ′′ =
1 + α2

(
ω
γ

)2

+
(
iω0
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γ

)2
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[
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1
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]

, (5)

with ω0 the excitation microwave frequency, α′ = ω0
γ

M α
1+α2 , and l = 0, m = − sin θ when the microwave field

is applied in the z direction (as assumed in the present
case). The absorbed power is proportional to χ′′, and
hence the line shape can be written as:

χ′′ (ω) =
ω0

γ

(
Ω
γ

)2

αM sin2 θ − (
1 + α2

)
2∆ω

γ
∂2F
∂ϕ2

(
Ω
γ

)4

+
(

ω0
γ

2∆ω
γ

)2 , (6)

and

∂2F

∂ϕ2
= M sin θ [H cos(ϕ − ϕH) + 4πMP sin θ cos 2ϕ

+HK sin θp (cos θp cos θ cos(ϕ − ϕp)
+ cos 2(ϕ − ϕp) sin θp sin θ)] , (7)

with HK = 2K/M and
(

Ω
γ

)2

= (ω/γ)2 − (ω0/γ)2 +

(∆ω/γ)2.
To obtain the average susceptibility it is necessary to

integrate χ′′ in the angular variables θp and ϕp (which
are assumed to have a random distribution) and other
parameters which could have a variation around an av-
erage value. Fluctuations in the anisotropy field HK and
the magnetization M (to a less extent) could be relatively
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large because of the partial transformation from the FCC
to the L10 phase. If we assume a Gaussian distribution for
both magnitudes we can arrive to the following expression
for the average susceptibility:
〈
χ′′ (ω0, H, ϕH , H̄K , M̄

)〉
=

1
C

∫ ∞

0

∫ ∞

0

∫ 2π

0

∫ π

0

χ′′ (ω0, H, ϕH , HK , M, ϕp, θp)

× sin θpdθpdϕpe
− (HK−H̄K)2

2σ2
HK dHKe

− (M−M̄)2

2σ2
M dM. (8)

C is the normalization constant obtained by fixing χ′′ ≡ 1,
and H̄K and M̄ are the average values of the anisotropy
field and the magnetization with dispersion σHK and σM ,
respectively. In the general case the above integral must
be solved numerically. The first step is to obtain the mag-
netization equilibrium angles θ and ϕ for a given set of the
parameters

{
ϕp, θp, H̄K , σHK , M̄ , σM , H, ϕH , ω0

}
in order

to evaluate the dispersion relation (Eq. (3)) and the fre-
quency line width (Eq. (4)). The integration in the four
variables must be made for each value of H , which con-
sumes a considerable computational time. Alternatively, it
is possible to generate a set of random orientations for ϕp

and θp, and Gaussian distributed values for H̄K and M̄ ,
then calculate the line shape and finally average out all
the evaluated spectra. We have chosen this last approach
to simulate the FMR response. In most cases we have fixed
the number of spectra at 20 000 because, in general, the
addition of more spectra does not change considerably the
average spectrum shape or its intensity. In the cases where
the noise level was important, the number of calculated
spectra was raised to 106. The initial field for each spec-
trum always started at 0 Oe and the maximum field was
varied depending on the values of the parameters used in
the simulation. This field was chosen large enough so that
a negligible absorption was computed for fields above this
value. When evaluating the spectra the total field span
was divided in 700 steps.

3 Results

In all simulations we have used a damping factor α = 0.2
which gives an intrinsic line width of ∆ω0/γ = ∆Hi ∼
750 Oe, similar to what was measured in FePt-Au [9].
The magnetization M̄ was fixed at 1000 emu/cm3 which
is lower that the Ms value of FCC (Ms ∼ 1030 emu/cm3)
and L10 (Ms ∼ 1100 emu/cm3) FePt [11], but larger
that the reduced magnetic moment of small particles
(Ms ∼ 850 emu/cm3) [12]. Due to the small difference
in the ordered and disordered phases we have not consid-
ered fluctuations in M̄ in the present analysis, i.e. σM = 0.
We have chosen an excitation frequency ν = 9.6 GHz, co-
incident with the commonly used X-band.

3.1 Case σHK = 0, P = 0

In Figure 2 we show a set of absorption spectra χ′′(ω)
calculated for different values of the anisotropy field (0 ≤
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Fig. 2. Absorption spectra for different values of HK , for the
case σHK = 0, P = 0. Spectra have been shifted vertically for
clarity. In the inset we show the variation of the resonance field
as a function of the anisotropy field (for HK < 1.4 kOe), and
a spectrum derivative for HK = 1.4 kOe.
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Fig. 3. ω/γ curves as a function of the applied field H for
different values of HK . Each set of curves corresponds to the
particle easy axis oriented parallel (upper branch) or perpen-
dicular (lower branch) to H . The resonance field is given by
the intersections of these curves with the excitation frequency
ω0/γ.

HK ≤ 10 kOe) and zero dipolar interaction (P = 0). In
this case all directions of the applied field with respect
to the film plane (measured by the angle ϕH) are equiva-
lent and the average spectrum is isotropic. The expected
dispersion relation (Eq. (3)) for different values of HK is
shown in Figure 3. Each set of curves corresponds to H
parallel and perpendicular to the particle easy axis. The
dispersion curves for intermediate orientations between H
and n̂ always lay within this two curves. Note that a fre-
quency gap of magnitude HK occurs at H = 0. When
the anisotropy field is lower than the excitation frequency
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Fig. 4. (a) Variation of the line intensity as a function of
the particle anisotropy field HK . (b) Dependence of the line
intensity with the dispersion in the anisotropy field σHK for
HK = 10 kOe.

(ω0/γ) a single line is predicted for all particle orienta-
tions. If HK > ω0/γ the absorption can be observed only
when the particle hard axis is close to the field H .

When HK is much lower than ω0/γ the influence of
the anisotropy is minimal and all particle orientations are
equivalent. Hence a single almost symmetrical line cen-
tered at g = 2.09 with a line width ∼∆Hi is predicted. In
this range of relatively low anisotropies the results are sim-
ilar to those reported in references [4,5]. First, as shown
in the inset of Figure 2, the resonance field (Hr is defined
as the zero crossing of the spectrum derivative) gradu-
ally increases for larger anisotropy values (for values of
HK > 1.4 kOe the line derivative splits in two and the
zero crossing criteria looses its validity). Second, in the
absorption derivative the intensity of the high field part
of the spectrum (H > Hr) is larger than the contribution
for H < Hr (see Fig. 2). When the anisotropy increases,
the line broadens and a structure of two absorptions, one
moving to low fields and the other to high fields is ob-
served. Also the energy absorption at low fields increases
considerably (see Fig. 2). For HK ∼ ω0/γ the low field
line crosses zero field and now the spectrum starts with
a negative slope. The structure of two lines in a broad
background is preserved, but now both lines move to high
fields. When HK � ω0/γ only the particles with the easy
axis perpendicular to the applied field fulfill the resonance
condition. This implies (see Fig. 3) that two absorptions,
each one corresponding to a different branch of the dis-
persion relation must be observed. Note that there is no
contribution at low fields coming from particles that are
not perpendicular to the external field.
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Fig. 5. Absorption spectra for different values of σHK , for the
case H̄K = 10 kOe, P = 0. Spectra have been shifted vertically
for clarity.

It is of interest to study the behavior of the absorption
intensity, defined as the field integral of the line shape,
as a function of HK . We can see in Figure 4a that ini-
tially the intensity tends to increase, it has a maximum
when HK � ω0/γ and then decreases monotonically for
larger HK . This behavior can be understood looking at the
variation of the line shape as a function of H for different
values of the anisotropy (Fig. 2). Note that when HK is
approaching the value of the excitation frequency, the cen-
ter of gravity of the spectrum moves to zero field, and the
contribution from the symmetrical absorption occurring
at negative fields becomes important. When HK > ω0/γ
(but ∆ω0/γ ∼ HK − ω0/γ) the dispersion relation again
crosses the X-band frequency for a few orientations, but
some absorption still occurs due to the intrinsic frequency
line width ∆ω0 being of the same order as the difference
HK − ω0/γ. In the case HK � ω0/γ the intensity of the
spectra gradually goes to zero because in most orienta-
tions the resonance condition is not satisfied.

3.2 Case σHK > 0, P = 0

The assumption that the average value of HK has zero dis-
persion is a very unrealistic one, especially in the case of
FePt in which the transformation to the ordered phase is
not complete when the annealing is made at temperatures
below the order-disorder transition temperature. To study
the effects of fluctuations in the value of the anisotropy we
have assumed an average anisotropy field H̄K = 10 kOe,
considerably larger than ω0/γ, and varied σHK from
zero to 15 kOe. A number of representative spectra are
shown in Figure 5. For small σHK the maximum in the
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absorption occurs close to H ∼ H̄K . As already men-
tioned, when H̄K is considerable larger than ω0/γ a struc-
ture due to the two branches of the dispersion relation is
observed. When the distribution of anisotropy fields in-
creases, spectra with smaller and larger values than H̄K

are averaged. However, as was shown in Figure 4a, the in-
tensity of the spectra is, in general, larger for smaller HK .
Hence the center of gravity of the average spectrum is ex-
pected to move to low fields when σHK increases. When
σHK � H̄K the peak in χ′′(H) is found close to g = 2.09
(∼3000 Oe) and the relative maximum near H̄K could be
hardly observed. Note that the peak to peak line width
of the derivative of this line is ∆H ∼ 1100 Oe, i.e. of the
same order as the intrinsic line width.

It is also possible to evaluate the line intensity (see
Fig. 4b) to verify that as σHK increases the contribution
of the particles with smaller anisotropy becomes more im-
portant and the average line intensity tends to increase.

3.3 Case σHK = 0, P > 0

The simplest approach to account for the effects of dipo-
lar interactions in a collection of particles is to introduce
a packing fraction P . In self assembled arrays the parti-
cles form a two dimensional film and it is assumed that
the effective demagnetizing field of a thin film could be
expressed as 4πPM . All previous simulations were made
considering that the particles did not interact, and P was
set equal to zero. In real FePt samples the packing fraction
was estimated as [9] P ∼ 0.2 (from TEM micrographs) and
then a nonzero demagnetizing field is expected to change
the magnetic response, depending on the relative orienta-
tion between the magnetic field and the film plane.

For the simulations we have chosen an average
anisotropy field H̄K = 10 kOe, larger than the work-
ing frequency, and analyzed the cases 4πPM < H̄K and
4πPM > H̄K , for σHK = 0, 5, and 10 kOe. All other pa-
rameters were not changed from those used in the previous
simulations.

In the case σHK = 0, P � 1 the simulations predict,
as expected, a single line (with a small structure) that
resonates at lower fields when ϕH = 0 (H parallel to the
film plane) and moves to larger fields for ϕH = 90◦ (see
the upper panel of Fig. 6). The field separation between
the maxima in these two orientations is of the order of
4πPM (this holds only when P is small enough). As P
is increased the field separation between the maxima in-
creases and the lines broaden, particularly for ϕH = 0.
For P = 0.5 the parallel absorption has a structure of two
superimposed lines, while the perpendicular line moves
to larger fields without changing considerably the overall
shape. When P = 1 the demagnetizing field 4πM > H̄K .
In this case the parallel absorption peaks close to zero
field, while preserving the structure of two maxima in a
decreasing background. All the behavior previously de-
scribed is a consequence of the contribution of the last
term in equation (2). This term is responsible for the very
large anisotropy observed when moving the applied field
out of plane; and changes the dispersion relation in such
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Fig. 6. Absorption spectra for different values of P and ϕH ,
for the case H̄K = 10 kOe, σHK = 0.

a way that only minor changes occur in the shape of the
perpendicular absorption when P is increased. The shape
of the parallel absorption, on the other hand, has a strong
dependence on the packing fraction.

3.4 Case σHK > 0, P > 0

We have also studied the cases in which a non-zero dis-
persion in the anisotropy field is present. In the case
σHK = 5 kOe the major effect of the fluctuations is to
broaden the absorptions and to move the resonance fields
to lower values. Also a broad decreasing background start-
ing at zero field is predicted for all orientations. When
the fluctuations in the anisotropy field are increased to
σHK = 10 kOe the lines move to even lower fields, ap-
proaching g = 2.09 as discussed in the previous section.
The broad background also increases, but the line width
seems to diminish, as can be seen in Figure 7 for the case
P = 0.1.
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Fig. 7. Absorption spectra for different values of ϕH , for the
case P = 0.1, H̄K = 10 kOe, σHK = 0, 5, and 10 kOe.

In this case it is also possible to study the variations
in line intensity as a function of P , σHK , and ϕH . In Fig-
ure 8 we can see that in all angular variations the intensity
increases for larger P. This behavior can be also observed
in Figure 6 where the increasing absorption, particularly
at low fields, accounts for the additional intensity. The ori-
gin of this behavior resides in the combination of an easy
plane anisotropy (given by the effective demagnetization
field 4πPM) which tends to lower the energy gap, and a
random oriented easy axis. In general, a dispersion rela-
tion with an easy plane anisotropy has a zero frequency
gap and hence the intensity is larger because the average
energy gap tends to be lower.

3.5 FMR absorption in FePt-Au particles.

In Figure 9 we show the room temperature FMR spectra of
an FePt-Au sample that was already characterized in ref-
erence [9]. This sample was annealed at 450 ◦C for 30 min-
utes so that the transformation to the high anisotropy L10

phase was not complete. The two spectra correspond to
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Fig. 9. Experimental spectra measured parallel and perpen-
dicular to the film plane and predicted line shape from the
proposed model.

the film plane oriented parallel and perpendicular to the
external dc field. We have tried to fit these absorptions
with the model presented above, assuming that both the
low anisotropy FCC and the L10 phase contribute to the
observed line shape through an average anisotropy field,
with a relatively large dispersion. In Figure 9 we also show
the spectra obtained by assuming the following values for
the parameters: P = 0.06, H̄K = 10 kOe, σHK = 10 kOe,
and α = 0.2. Note that while it is possible to obtain rea-
sonable good values for the resonance field, the line width,
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and the relative intensity between both lines, the tail at
high fields goes to zero much slower in the simulations
than in the real spectra. This is a consequence of the broad
background absorption produced by the large Gaussian
distribution of anisotropy fields assumed in the simula-
tions (see upper curve of Fig. 5). The relatively sharp and
symmetric absorptions that are observed experimentally
suggest that the distribution of anisotropy fields is not
very large and that the average anisotropy field should
be close to the value expected for the disordered FCC
phase. Hence the assumption of a Gaussian distribution
around an intermediate average value is not adequate in
this particular case because the sample probably consists
of different regions with ordered and disordered particles.

In conclusion, we have extensively analyzed the mi-
crowave response of a collection of high anisotropy mag-
netic nanoparticles, as a function of the anisotropy, the
distribution of anisotropy fields and the packing fraction.
We have shown that the experimental spectra observed in
partially ordered FePt-Au films arise mainly in the low
anisotropy disordered phase.
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5250, and the University of Cuyo. Very helpful discussions with
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